We define the asymptotic flatness and discuss asymptotic symmetry at null infinity in arbitrary dimensions using the Bondi coordinates. To define the asymptotic flatness, we solve the Einstein equations and look at the asymptotic behavior of gravitational fields. Then we show the asymptotic symmetry and the Bondi mass loss law with the well-defined definition.
I. INTRODUCTION
Recently inspired by string theory, the systematic investigation of gravitational theory in higher dimensional spacetimes becomes more important. Indeed there are many things to be studied. Asymptotic structure of higher dimensional spacetimes is one of them. Asymptotically flat spacetimes have spatial and null infinities. While the asymptotic structure at spatial infinity has been investigated in arbitrary dimensions [1, 2] , the studies on null infinity have been done only in even dimensions [3] [4] [5] [6] [7] [8] [9] and five dimensions [10, 11] .
In four dimensions, asymptotic structure at null infinity was investigated in two ways. One is based on the Bondi coordinates [4, 5] and the another is based on the conformal embedding [3, 12] . In the latter, we introduce the conformal factor Ω ∼ 1/r and we can study the behavior of gravitational fields near null infinity in the conformally transformed spacetime. This method can be extended to higher dimensions, but even dimensions only [7] [8] [9] . The reason why even dimensions is as follows. In n-dimensional spacetimes, gravitational fields behave like ∼ 1/r n/2−1 ∼ Ω n/2−1 and then we cannot suppose the smoothness of gravitational fields at null infinity due to the power of the half-integer in odd dimensions. Thus the conformal embedding method will not be useful for the investigation of the asymptotic structure at null infinity in any dimensions.
Instead of the conformal embedding method, we could safely define asymptotic flatness and study the asymptotic structure at null infinity in five dimensions by using the Bondi coordinates [10] . Therein one must solve the Einstein equations and determines the asymptotic behavior of gravitational fields which gives us a natural definition of asymptotic flatness at null infinity. We can show the asymptotic symmetry and the finiteness of the Bondi mass in five dimensions. The purpose of this paper is the extension of this work to arbitrary dimensions. For simplicity, we will consider the spacetimes satisfying the vacuum Einstein equation in higher dimensions. But, it is easy to extend our current work into nonvacuum cases that matters rapidly decay near null infinity.
The remaining part of this paper is organized as follows. In Sec. II, we introduce the Bondi coordinates in ndimensional spacetimes and write down the Einstein equations in the language of the ADM formalism. In Sec. III, the Einstein equations will be solved explicitly and asymptotic flatness is defined by asymptotic behaviors at null infinity. We also define the Bondi mass and show its finiteness and the Bondi mass loss law. In Sec. IV, we shall study the asymptotic symmetry. In Sec. V we will summarize our work and discuss our future work. In Appendix A, we give the formulae of the ADM decomposition which will be used in Sec. III and in Appendix B we show the detail derivations of some equations.
II. BONDI COORDINATES AND ADM DECOMPOSITION
We introduce the Bondi coordinates in n-dimensional spacetimes. In the Bondi coordinates the metric can be written as
where x a = (u, r, x I ) denote the retarded time, radial coordinate and angular coordinates, respectively. We also impose the gauge condition as
where ω n−2 is the volume element on the unit (n − 2)-dimensional sphere. In the Bondi coordinates, null infinity is located at r = ∞.
We perform the ADM decomposition with respect to the r-constant surfaces (see Appendix A). The metric is rewritten as
where
and the induced metric of the r-constant surface
Note that the capital Latin indices I, J, · · · and the Greek indices µ, ν, · · · are raised and lowered using γ IJ and q µν , respectively. The unit normal vector to the r-constant surface is given by n a = N (dr) a and n
The extrinsic curvature of r-constant surface is defined as usual
where D µ denotes the covariant derivative associated with q µν . The induced metric on the r-constant surface is rewritten as
The timelike unit normal vector to the u-constant surface is written as u a = −α(du) a 1 and u
where D I denotes the covariant derivative associated with γ IJ . We have N a = αA −1 u a = N u a from the definitions of u a and N a . Also we have n a = N −1 (∂ r ) a − u a . For later convenience we define the following projected quantities on the (n − 2)-dimensional space as
where ρ µ u µ = σ µν u µ = 0. Using of them, K µν is expressed by
A. Decomposition of Ricci tensor
The vacuum Einstein equation isR ab = 0. Let us decompose the n-dimensional Ricci tensorR ab into the quantities on the (n − 2)-dimensional space:
where the prime and the dot respectively denote ∂ r and ∂ u , and (γ) R IJ denotes the Ricci tensors with respect to γ IJ . In the aboves, we have used the following equations
(23)
III. ASYMPTOTIC FLATNESS AT NULL INFINITY AND BONDI MASS
In this section, we first solve the Einstein equations near null infinity and examine the asymptotic behaviors of the gravitational fields. Then these considerations give us the natural definition of the asymptotic flatness at null infinity. We also give the definition of the Bondi mass and momenta and then show its finiteness. In the following, we write γ IJ as γ IJ = r 2 h IJ and the indices I, J are raised and lowered by h IJ .
A. Constraint equations
Components of the vacuum Einstein equationsR ra = 0 andR ab γ ab = 0 are the constraint equations which do not contain u-derivative terms in the current coordinate system. Then, once we solve the equationsR ra = 0 on the initial u-constant surface,R ra = 0 always hold in any u-constant surfaces.
After direct calculationsR rr = 0 becomes
where the prime stands for the r-derivative. FromR ab γ ab = 0 we have
and fromR rJ γ IJ = 0 we have
where ∇ I and (h) ∇ I denote the covariant derivative with respect to the metric of the unit (n − 2)-sphere ω IJ and h IJ , respectively.
(h) R is the Ricci scalar with respect to h IJ . Once h IJ are given on the initial u-constant surface, the other metric functions A, B, C I are automatically determined through the above equations on the initial u-constant surface. As seen later, it turns out that h IJ contains the degree of freedom of gravitational waves in n-dimensional spacetimes.
We would suppose that h IJ behaves near null infinity as follows
where the summation is taken over k ∈ Z for even dimensions and 2k ∈ Z for odd dimensions. This comes from the fact that h IJ corresponds to gravitational waves. By the gauge conditions of Eq. (2), h
should be traceless for k < n/2 − 1. Notice that we required the fall-off condition which is expected through the asymptotic behaviors of linear perturbations around the Minkowski spacetime. If the fall-off of h IJ would be O(r k ) for k > −(n/2 − 1), the nonlinear feature would appear in the leading orders and then the Bondi mass will diverge. As shown later, the condition Eq. (27) corresponds to the outgoing boundary condition at null infinity.
By Eqs. (24) and (27), we can see that B behaves near null infinity as
Substituting Eq. (26) into Eq. (27), we find that C I should behave
is the integration function in the r-integration. It corresponds to the angular momentum at null infinity.
From the terms of the order of O(r −(n−1) ) terms in Eq. (26), we obtain the constraint conditions on h
m(u, x I ) is the integration function in the r-integration. It corresponds to the energy and momentum at null infinity.
From the terms of the order of O(r −(n−1) ) in Eq. (25), we obtain the constraint conditions on h
To be summarized, if we impose the boundary condition on h IJ as Eq. (27), the behavior of other metric functions A, B and C I near null infinity are determined. We will regard asymptotic behaviors as the definition of asymptotic flatness at null infinity in n-dimensional spacetimes as
B. Bondi mass
Next we define the Bondi mass at null infinity in n-dimensional spacetimes. Since g uu is expanded near null infinity as
we define the Bondi mass M Bondi (u) and momentum
respectively.x i is the unit normal vector to the (n − 2)-dimensional sphere which satisfies ∇ I ∇ Jx i + ω IJx i = 0. Thus each component ofx i is described by linear combination of the l = 1 modes of the scalar harmonics on S n−2 . The Bondi energy-momentum is defined as M
In the conformal method [7] [8] [9] , the Bondi mass is defined as M Bondi ∼ S n−2 r n−1Ĉ urur dΩ ∼ S n−2 r n−1 ∂ 2 r g uu dΩ, whereĈ abcd is the n-dimensional Weyl tensor. At first glance it seems to diverge at null infinity because r n−1 ∂ 2 r g uu ∼ r n/2−2 A (1) (it is shown that the Bondi mass is finite via an indirect argument in the conformal method [9] .). However, since A (k+1) can be written as
(see Eq. (34)), A (k+1) has no contribution to the mass and momentum at null infinity for k < n/2 − 2 as
Thus the Einstein equations guarantee the finiteness of the Bondi mass and momentum regardless of the dimension.
C. Evolution equations
The remaining components of the Einstein equation describe the evolution equations of gravitational fields. The equationR ab γ a I γ b J = 0 represents the evolutions of h IJ . Indeed near null infinity we can obtain for 0 ≤ k < n/2 − 1,
where the dot denotes the u-derivative. Note that the evolutions of h
IJ cannot be determined from the above equation. h (1) IJ are free functions on the initial u-constant surface. Contracting Eq. (41) with ∇ I ∇ J and using Eq. (34), we can obtain the evolution equations of A (k+1) aṡ
FromR ab u a u b = 0, we can obtain the evolution equation of m(u, x I ) aṡ
Integrating this equation over the unit (n − 2)-sphere, we can obtain the Bondi mass loss law as
Thus, the Bondi mass always decreases by gravitational waves and this justifies that our boundary conditions of Eq. (27) correspond to the outgoing boundary condition at null infinity.
IV. ASYMPTOTIC SYMMETRY
In this section we discuss the asymptotic symmetry at null infinity. We also confirm the Poincaré covariance of the Bondi mass and momentum.
A. Asymptotic symmetry
Asymptotic symmetry is defined to be the transformation group which preserves the asymptotic structure at null infinity. The variations of asymptotic form of metric at null infinity are given by
where δg ab ≡ L ξ g ab = 2∇ (a ξ b) and ξ is the generator of asymptotic symmetry. In the following we consider the asymptotic symmetry in n > 4 dimensional spacetimes. The condition of Eq. (45) comes from the definition of the Bondi coordinates and the explicit forms are
where γ ≡ det γ IJ . Then, using γ IJ = r 2 h IJ and the gauge condition of Eq. (2), we can obtain ξ a satisfying the above equations as
For later convenience, we write down the asymptotic behavior of ξ near null infinity as
Next let us consider the boundary conditions of Eq. (46). The each components of metric variations are
(1)
To satisfy the boundary conditions of Eq. (46) for these equations, we will find that f and f I should satisfy
Integrating the trace part of Eq. (61), we can obtain
where F ≡ ∇ I f I and α(x I ) is an integration function on S n−2 . Here we can show from Eqs. (62) and (63) that F satisfies
and also contracting Eq. (61) with ∇ I ∇ J we have
The general solutions to these equations for F are the l = 1 modes of the scalar harmonics on S n−2 . Next from Eqs. (62) and (63) we can see that
should hold in n > 4 dimensions. The general solutions to this equations are l = 0 and l = 1 modes of the scalar harmonics on S n−2 . To be summarized, f can be written as
δg uu can be computed as
In particular, for k = n/2 − 2
By using Eqs. (34), (42) and (35), we can rewrite δg
V. SUMMARY AND OUTLOOK
In this paper, we have investigated the asymptotic structure at null infinity in n-dimensional spacetimes using the Bondi coordinates. Asymptotic flatness is defined by the asymptotic behavior of gravitational fields at null infinity. These boundary conditions are determined by solving the Einstein equations. Although the Bondi mass seems to diverge in the conformal method, we can show its finiteness from the Einstein equations in the Bondi coordinates. And we can show that asymptotic symmetry at null infinity should be the Poincaré group and the Bondi energymomentum is transformed covariantly under the Poincaré group by using the Einstein equations. These results are same with those in [7, 8] for even dimensions. Note that the conditions for asymptotic flatness in [7, 8] come from the stability of weak asymptotic simplicity [13] . On the other hands, our definition of asymptotic flatness comes from the behavior of perturbations around the Minkowski spacetime. In general, these two definitions may differ. The Bondi mass will diverge unless our boundary conditions at null infinity are not satisfied. In this sense we would expect that our definition guarantees the stability of weak asymptotic simplicity at null infinity. Nevertherless, it is nice to show that our definition is generic enough regardless of the Minkowski spacetime as Refs. [7, 8] .
As our future work we will be able to consider angular momentum at null infinity in n-dimensional spacetimes. Since asymptotic symmetry at null infinity is the Poincaré group without supertranslations in higher dimensions, we can define the angular momentum. Indeed, we can define the angular momentum and show its Poincaré covariance in five dimensions [11] .
The Ricci scalar becomes
The each components of the Einstein tensor are given by 
where we used Eqs. (B2) and (B3) from the first to second line. This is Eq. (81).
